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Structure Factor Algebra in the Probabilistic Procedure for Phase Determination.
1V. Quartets
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An investigation has been carried out on the influence of the space-group symmetry in the quartet
relationships. New generalized formulae are derived which take the statistical weights of the re-
flexions into account. Cross-reflexions of special type may strongly modify formulae valid in P1

and PT.

1. Introduction

In recent papers (Giacovazzo, 1974q, b, c¢) a combina-
tion of the joint probability distribution approach and
of the space group algebra has been proposed. >,
Sayre and tangent formulae were generalized so as to
take the statistical weights of the reflexions into ac-
count as well as their contingent centrosymmetric
nature. For example, the well known Cochran (1955)
relation was rewritten in the form:

P ((ﬂnl)
=exp [GHI. Hy COos (¢H1 - ¢H2 - 40”1 - Hz)]/anO(GHI. Hz) s
where

(M)A, — H))
ml«(l’ulpﬂzpul H,)
o 2|Ea,EnEn,—n,|

VN

GHl Hy ™

¢ is the trigonometric function for the structure fac-
tor, m is the order of the space group, py the statistical
weight of Ey. The weight Gy, u, is invariant under
cell transformations and takes the full space-group
symmetry into account. For example, in P2,2,2, the
knowledge of gy, and gy, _n, when H,=(0,g, u) and
H,—H,=(g,2,0), gives no contribution to the knowl-
edge of pu, =@, In accordance with this fact,

C(—H)E(H)E(H, —H,))=0.

In recent years (Hauptman, 1974a, b; 1975a, b;
Green & Hauptman, 1976; Hauptman & Green, 1976;
Giacovazzo, 1975; 1976a, b, ¢) some probabilistic
theories of the cosine invariant cos (¢u, + ¢n, + @u;—
®u, + n,+n,) have been described in P1 and PT. These
theories lead to an estimate for the value of the cosine
which may lie anywhere between —1 and +1 and
depends on the values of the seven magnitudes |Ey |,
|Exgls |Euls | Euty vty gl 1Esty o1tz 1By gl | Bty

A general theory of quartets valid in all the space
groups has not been given. One would expect that the

phase relationships as stated in P1 or PT are valid
respectively in any non-centrosymmetric or centro-
symmetric space group if all seven |E| magnitudes cor-
respond to general reflexions. When special reflexions
are involved, however, the phase relationships valid in
P1 and PT may be affected in a remarkable way. The
aim of this paper is to generalize to all space groups
the probabilistic approaches proposed by Giacovazzo
(1975, 1976a) and Hauptman (1975a). Giacovazzo’s
approach involves a Gram—Charlier expansion of the
characteristic function in terms of the statistical cumu-
lants. Hauptman’s formulation directly uses the same
cumulants in an exponential expression of the charac-
teristic function. In order to give phase relationships
valid in all the space groups, it will be enough to ob-
tain the general expressions of the cumulants by space
group algebra. Five Appendices are devoted to this
algebraic analysis.

2. The mathematical approach

The Gram—Charlier expansion used (Giacovazzo, 1975)
to derive the quartet relationships in P1 is

Clup,ty, . . . uy)=exp [—3(@d+uz+ ... +u)]

S S 83
(1+’372+ A+

).
where u;, i=1,7, are carrying variables associated with
E,, t=N/m is the number of independent atoms in the
unit cell for a space group of order m, and
)I.
SV= t rs w
(r+s+.
Ars...w AIE the standardized cumulants of the distribu-
tion defined by

(ml)’(mz)s (). (2)

ctw= v)r'sY .

K)‘S W
K%z .0 Koz .0 K
K, ., is a multivariate cumulant of order r+s+.

+w. The Fourier transform of (1) in PT gave the fun-
damental relation

lrs. . .W (3)
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1
P, ~%1+1tanh {W |En, ExyEuyEny s 1y 415

[1 +(E%’I+H2_ 1)+(E§i1+H3— 1)+(E212+H3— 1)] }
1+4(E%‘[1 +H2+E§11+H3+E§12+H3_3)/N

4)

In order to derive phase information in P1 we have
used the Gram—Charlier expansion

C(uy, ... ,us,0p .. .,07)
N uf u% Uf 1)%
hY S S3
x{1+?372+(?;+2_t33)+“'}’ ©)
where
S =t Z L lrs...w ( )r( )s ( )W
' (r+s+...+w=vy) 2V2 plst. . wl ) (B
(6

The Fourier transform of (5) leads to

1
{cos (pu, + On,+ Ory— Puy ey 1)) —I(Q , (D
I(G)

where
G=2|EH1EH2EH3EH1 +Hy+ H3|

XU+ By s, = D+ (Edy vy — D+ Edy ey — 1)]/N(-8)
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Retaining terms to order 1/¢, the probability distribu-
tion function is

1
PEs By By )= (55 6%p {—3EI+E3+ E3+ ED}

/14000 )'0004

1
% {” 7[ aioi0107 HAED+ -+ Froonr He(Ee)

lllll
T E‘E2E3E4]} ’ ©)

where
E1=EH11E2=EH2a “eey

and H,(x) is a Hermite polynomial defined by
dv
d

xV

H,(x)=(—1)" exp (3x?)

exp (—1x?).

From Appendix 4
<EH1EH2EH3EH1 +H2+H3>

- __L < EMHDEMH)EMH)EMH, +H, + Hj)
tm? V(lepﬂsz3pH1+H2+H3)
=Wu,, n,, HSN_I,

where

Wa, .y 85=

m o\

In order to obtain general phase relationships, the
more relevant standardized cumulants 1., _, will be
estimated by Bertaut (1959¢, b) algebra. For the sake
of simplicity the analysis will be made for centrosym-
metric space groups alone. Most of the conclusions
derived however are valid in non-centrosymmetric
space groups. Relevant differences will be explicitly
mentioned.

3. The probability distribution P(Ey,, Ey,, Ey,,
Ey, +1,+n,) in the centrosymmetric space groups

The aim of this section is to investigate the influence
of the space group symmetry on the standardized cu-
mulants 4y, in the distribution P(Ey,,Ey,, Ey,,
Ey,+n,+u;)- For this distribution the characteristic
function (1) has values

S3=0 H

/14000 2 *0004

S4=t [m (iu1)4+ ...+ O—!OW (iU4)4

A
e ) ) ) ()]

AC32A-3

1 ( % p.e STH(R, ~1)+ Hy(R, ~ 1)+ Hy(R, — D] exp 2ni(H,T, + H,T, + HiT,)

V(pﬂlpﬂzpﬂgpﬂl +H2+H3) B >‘

Thus, from (9) the probability that
Ey,Ey,EnyEn, +1,+ 1, 18 positive is given by

P, ~1

1
+4% tanh (']—V‘ WH],Hz. ll3|EH1EH2EH3EH1+l12+H3|) . (10)

Wi, u,, 1, takes the statistical nature of the reflexions
into account: its value may be notably different from
unity. When Wy u, u,>1 the positivity of the quartet
is strengthened. As an example, numerical values of
Wh,.n,, n, for different reflexion types are shown in
Table 1 for space group Pmmm. The table holds on
condition that, when not demanded by the chosen
types of H; vectors, all the cross-vectors H;;=H;+H,
do not satisfy the relation H;(R,—I)=0 for R;#L
For example, if the reflexions in the first column of
the Table 1 have indices (hkyl)), (hk.l), hiksls),
(hyk4ly), Has is a special reflexion: we obtain Wy, u, u,
=2. Hence, the absolute value of Wy, u, n, may be
notably different from unity even when all the Ey, re-
flexions are general. The condition is that one or more
cross-vectors lie on a symmetry element of the point
group. In particular (Appendix A), the probability
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that the product Ey Ey,Eu,Eu,+n,+n; I8 positive
equals 4 when one of the cross-reflexions is systematic-
ally absent, whatever the moduli |Ey;| may be. This is
the chief result of this section.

For example, the reader will be able to show, from
the expression of the trigonometric structure factor in
P2,, that

(EQRSTYEBIBE22T)E(BRA))=0 .

In accordance with our conclusions, H, +H;=(070) is
a systematic absence. As will be shown in § 4, however,
it is possible to obtain information about cos (¢, +
Ou, + O, — Pu, +H,+1,) €ven when some cross-reflex-
ions correspond to space-group extinctions.

One needs to consider the more general probability
distribution

P(EHp Eny By Byt + 1y Buy v 1y Eny e mg EH1+HL+H3) .

This distribution in fact enables us to calculate (Giaco-
vazzo, 1975) the products

EMHHEMHEMH, +H)))
x (E(H3)EH, + Hy + Ha)é(H, + Hy))
EMHYEHR)EMH, +Hy))
x (EH)EM, +H, + Hy)X(H, + Hy)) ,
EMH)E(H)E(H, +Hy))
x (CHEH,; +H + H3)¢(H, + Ha) ),

which, together with

(SH)EMH)EMH)E(H, + H, + Hy))

define the positivity or negativity of a quartet (Appen-
dix B).

4. The probability distribution P(Ey ,Ey,,Ex s En, + 1,
Ey, +uyEu, + 1y5En, + 1, +1,) In the centrosymmetric
space groups

In any centrosymmetric space group

S3=t[A1101000(i841) (it43) (itts) + Aro10100(itty) (itts) (itis)
+ Aor10010(i%;) (i3) (itsg) + Arooors(ite;) (iug) (iu;)
+ Aoroor01(it42) (ius) (itr7) + Agorroos (itts) (ius) (iu7)]
Se=t[. . . + Airr0001(itt) (i) Uniz) (Gu)+ . . . .
We omit in the expression of S, all non-zero stan-

dardized cumulants which do not affect the conclusive
sign relation. From Appendices 4, B, C we obtain

FOR PHASE DETERMINATION. 1V

1
P, ~%+}tanh (W |En, EniyEviy Eny 41,415

Wy, u,m,+4
1+B

),m)

where
— 2
A= WHI,H2WH3,H1+H2+H3(EH1+H2_ 1)

+ Wy n:Way my+ 1, +15(E 4 m,— 1)
+ Why u,Way oy emp+n(Edyn,— 1)

2
B= W [(W%II.HZ-*- W%{3.H1+H2+H3) (E%'l1+H2-_ 1)

+ (W Whynyemp+m;) (Bl eny—1)
+(W§{2,H3+ W%{].H1+H2+H3) (Eilz-i-ﬂ:;— 1)] ’
1 E(HEMH)EM, +Hy)

m V(leszpﬂl +H2)

WHl, H2=

(11) reduces to (4) both in PT and in any space group
when all the reflexions are general. When special re-
flexions are involved, the estimates of P, by (4) and
by (11) can have different values. As an example, in
Pbca, let

Hl = (Oklll) )
Then

1
+~3+3}tanh [W |En, EvzEn,Buy 412 4 15

 2)2Bh e+ 4 2B, oy + 4V 2B 1, — 612
l +4(3E§'|1+H2+6E§'|1+H3+9E%‘lz+ﬂ3_ 18)/N

If N=350, lEH1I=|EH2!=|EH3| =IEH1+H2+H3I=2’
IEH1+H21=0'80, IEH1+H31=1EH2+H3|=1’2, we obtain
P, ~0-72 by (4) and P, ~0-98 by (12).

If | Eyy, wa,| = | By 15l = | Eniy 15| ~0-6, we obtain P,
~0-33 by (4) and P, ~0-01 by (12).

Thus, the positivity (negativity) of strong positive
(negative) quartets with special reflexions seems en-
hanced by the space-group symmetry. The phase as-
signment in this special type of quartet seems then
more reliable than in quartets in which all the involved
reflexions are of general type. Of considerable interest
are the quartets in which some of the cross-reflexions
corresponds to a space-group extinction. For example,
let us consider in Pbca the case in which

H,=(0k./),

Hz'—‘(Okzlz) > H3=(h30‘11) .

].(12)

H2=(0k212) > H3==(hkll,) s

Table 1. Values of Wy, u, u, in Pmmm for some types of reflexions

hikidy Okgdy  00L  Okiy Okydy  Okydy  Okydy 00, 00  00h 00
by hokaly  hakal,  Okaly  Okaly  h:00  h0L B0 A00  h,00 00k
hsksly  hsksly  hsksls  hsksl,  Okaly  hsksly  hsksO  haksls  hsksO  0ks0 00k
h4k414 h4k4l4 h4k4[4 h4k414 0k414 h4k4[4 h4k4l4 h4k4l4 h4k4l4 h4k4[4 0014

CEHL)EH)EHL)E(H, + Ha + Ha)) 8 16 32 32 64 64 64 128 256 512 512

< CCHIECH)C(LIC(H, + Ha + Ha) 8 8y2 16 16 16 16y2  16y2 32 32)2 64 32

pﬂlp}lzp}lapl-lli»l-lzi»ﬂa

| 1 y2 2 2 2 22 22 4 4y2 8 4
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with A odd. (11) gives then

1
P, ~%+%tanh {W |Ew, EnyEnyEny 40y 405
 AEhyem— D+ 2y —1) } .
1 +4[2(E%{1+H2_ I)+2(E%12+H3_ 1)]/N

Ey, +n;, in fact is a systematically absent reflexion, so
that (see Appendices)

WHI,HZ. H3 = WHI,H_;: WHZ.H1+H2+H3=0 .

If all the E’s are general and Ey, +u, corresponds to
a space group extinction, (11) reduces to

|
P, ~%+%tanh [N lEﬂlEﬂzEH3EH,+H2+H3|

E€l1+H2+E%lz+H3_2 ] . (14
1+4(E§11+H2+E%12+H3—2)/N

(13) and (14) suggest that, when H,,H,.H; range over
all reciprocal space on condition that one of the cross-
vectors corresponds to a space-group extinction, the
percentage of negative quartets equals 0-50. From (13)
furthermore

<EH1EH2EH3EHI +Hy+ H3> =0 5

in strong contrast with the overall positivity of the
quartets. The anomalous character of these quartets,
therefore, requires an appropriate use in the proce-
dures for phase determination.

5. Strengthening of some quartet relationships

In a centrosymmetric space group of order m>2 let

(15)

be a quartet whose reflexions are of general type. If
Ey, +u, is a special reflexion

EH]’ EHz’ EH3’ EHI +Hz+Hj3

Eyy Evyr,s Engre Eny 41y 411, (16)
is a quartet too, provided that (H,+H;) (R,—I)=0.
(15) and (16) are symmetry-equivalent quartets, but
the first depends on the cross-reflexions

(17

EH] +Hy» El'll +H3» EH2+H3 0
the second on

EH1+H2R,3 EH1+H3R:3 EH2+H3 . (18)
The pairs (Bwy + 1y En, +1;) and (Bay + 1, £y +H3R,)
are not symmetry equivalent: so two different sign re-
lations are then available for the same quartet. If we
denote by P,, and P,, the probabilities of a positive
sign for (15) arising respectively from (17) and (18),
a measure of the overall probability should be (Woolf-
son, 1961)
(1 +

P+= Pl_Pz_—)—l.

Py Py

A C32A -3+
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However, as the two sign relations are not independent,
a better procedure should be to study the joint prob-
ability distribution
P(EHp Est EH3’ EH[ +Hy EH1+H3, EH2+ H3s
Ey, +Hy+H3 Eny v 1m0 Bl +H3R,) -*
From Appendix D we derive (11) again, but this time

A~ WHI,HZWH3.H1+H2+H3(E§11+H2_ 1)
+ Why,u, WHZ,H1+H2+H3(E§-II+H3— 1)
+ Why, 1, Wﬂl,H1+H2+H3(Ei12+H3— 1)
+ W u, W g g5 (Edr s mpr,— 1)
X (= 1M T W Wy iy + 1y 41
X (E%{I-}-H;;R,— 1) (—1)*H2+HTs |

(19)

B~ % [(W%ll.H2+ W%l3,H1+H2+H3) (Eil1+H2”—l)
+(Whym,+ Wh, uy+Hp+15) (E%'II+H3_ 1)
+(W§!2, H3+ W%-II,H1+H2+H3) (E%{2+H3_ 1)
+(WH,, u,+ Wi Hy+ 1y 15) (Efty+m,r,— 1)
+ (Wi u,+ Wil oy emy) (B emgr,— DI, (20)
where

’
WHI,HZ_

1 /EH)EH,)EH, + H,R,)

m V(Pu,PuyPu, +1ym,)

E

W;'l3.H1+H2+H3
_ 1 <é (Hs)¢(H, + H, + H3)E(H, 4+ HR,)
m

V(pﬂlpﬂl +H2+H3pH1+H2R,)

The reader will be able to generalize the above con-
siderations to the case in which more than one of the
reflexions

EH19EH2a .-

are of special type. We limit ourselves to some con-
siderations about the role of the weights W in the
direct procedures for phase determination.

When the space-group symmetry is involved in the
probabilistic approach, the positive or negative char-
acter of the quartets is generally enhanced in compari-
son with the direct use in any space group of the for-
mulae valid in PT. So, if one does not wish to spend
calculation time in the evaluation of the W’s, the use
of the approximation W=1 seems in accordance with
the principles usually adopted for proper weighting.
What seems important, however, is to recognize if
some of the cross-vectors are of special type: if pos-
sible, a larger number of cross-vectors should be tested
in order to define the sign of a quartet. In order to
save computing time a simple procedure should be that

-’EH1+H2R,aEH1+H3R,9 Ex,vHry - - -

* Lessinger (1976) has recently suggested that R, may in
general be a rotation matrix of the Laue group of the crystal.
Thus, in accordance with Lessinger’s geometrical consider-
ations, one may conclude that more than three cross-vectors
exist when one of the cross-vectors lies on a symmetry element
of the Laue group of the crystal.
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of assuming W=1 always, except when W=0. This
last case is easily recognizable as it involves a cross-
reflexion which corresponds to a space-group extinc-
tion. For an example, in P2,/c, let

H;=(222), H,=(111), H;=(210).

H, +H;=(301) corresponds to a space-group extinc-
tion. In accordance with the previous assumptions all

the W’s will be unity, whereas
WHZ, H3 = Wﬂl. H)+Hy+H3 = WHI.Hz. Hj3 =0.

So we obtain

THE PROBABILISTIC PROCEDURE FOR PHASE DETERMINATION. 1V

If we denote the point group operators by

100 T00 100 100
R,=(010; R,=/010|; Rz={0 T 0f; R,=/010f;
001 001 001 00T
100 100 T00 100
Rs=[0 T 0f; Rg=|0 T Of; R,=|0 1 Of; Rg=[0 T O],
00T 00T 00T 001

the following quartets, symmetry related to each other,
may be constructed:

1
P,.~%+34tanh [ |Ev, Evt, Ev, By 41y 4 15 X

R, is defined by the condition (H,+H;) (R,—I)=0; so
in (21)

1 00
R,=|0T 0
0 01

If |Ew,+n,l|Eu,+n,| are large and IEH1+H2R s
|En, +1yr,| are small, (21) indicates a strongly positive
quartet: on the other hand a strong negative quartet
is suggested if |Ey, . m,l|En,+n,l are small and
|Bxy + 1Rl IEHI+H3R| are large. Let us note further-
more: (@) it is possible to derive a negative character
for a quartet from large |E| values, (b) if all the cross-
vectors in (21) are large; the value of P, nears 0-50.

As a further example, in P2,/c, let

H,=(222), H,=(111), H;=(213).

As H,+H;=(304) is a special reflexion which does not
correspond to a space-group extinction (pu,+u;=2),
we obtain

1
Po~3+3% tanh{ |EvyEny By Eny +1y+ 15

Ed en,+Edyvu,—2— (EH1+H2RSj€E{1+H3RS 3) ] @1

L+ 4(Efy, vm,+ Edy+ms+ Edy +mpr,+ Edry ongr, —4)/N
Hla H27 H3a Hl + H2 + H3,

HR, H,R, H, H,+H,+H,,

H,R,, H,R,, Hj, H, +H,+Hj,

H,R,, H,R;, H;, H,+H,+H;,

Ry, 25 H;R,, H;+H,+H;,

H,, H,R;, H;R;, H;+H,+H;,

with their cross-relations (of quartet type)

H,R,, H;R;R;, H;R;, H, +H,+H;,
H,RR;,, H;R,, H;R,, H,;+H,+H;,,
H,R,, H,RR;, H;R;, H,+H,+H;,,
H,R,, H;R;R;, H;R;, H,+H,+H;,
H,R,, H,R;, H;R,R;, H,+H,+H,.

From the considerations developed above, the sign
of the quartet depends in this case on 16 cross-vectors:
i.e. (070), (0,3,11), (205), (2,3,11), (005), (035), (2,0,11),
(235), (0,0,11), (270), (030), (0,7,11), (2,7,11), (075),
(275), (230).

x[ EH1+H2+EH|+H3+EH2+H3 2+EH1+H7_R +Ef i ngr,

. 22)
1 +4(EHl+H2+EH1+H3+EH2+H3+EH1+H2R,+EH1+H3RS 5)/N]}

The advantages of (22) in comparison with (4) are
evident. The probable sign of the quartet is in fact
derived from five cross-vectors. It is natural to expect
that this type of quartet will, on average, be more
reliable than quartets which depend on three cross-
vectors alone. More favourable cases are easily given.
For example, in Pmmm, the four vectors
H,=(123), H,=153), H,=(1598), =(128)

give rise to a quartet whose cross-vectors are all of
special type: H,,=(070) with statistical weight p=4,
H,;=(0311) with p=2, H,;=(205) with p=2.

6. Non-centrosymmetric space groups: further remarks

The conclusions about the role played by the statistical
nature of the cross-reflexions in defining the sign of
a quartet are valid in non-centrosymmetric groups too.
Some further remarks however may be useful.

(1) In centrosymmetric as well as non-centrosym-
metric space groups the term (|Ey, .+ n,)*—1) occurs in
(4) or in (8) if (Appendix B)

EMH)EAL)EH, +H))

X (C(H3)E(H, +H, + Ha)E(H, + Hy) ) #0 . (23)
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Whereas in centrosymmetric space groups (23) is
violated solely when H, +H, corresponds to a space-
group extinction, in certain non-centrosymmetric
space groups (23) is transgressed in other circum-
stances too (Giacovazzo, 1974b). For example, in
P2,2,2, (23) is violated (see § 1) when
H,=(0gy), H,=(g0u).
Our algebraic considerations tell us that (7) is once
more valid, but (8) becomes
2
G= W 'EH1EH2EH3EH1 +H2+H3| ‘
X [(Ef'l1+H3_ 1)+(Eil2+ﬂ3_ 1)] .

In conclusion, the magnitude Ejy, .y, does not affect
in this case the expected value of the cosine invariant.

(2) In centrosymmetric as well as non-centrosym-
metric space groups

(24)

when one of the cross-reflexions corresponds to a
space-group extinction. In some non-centrosymmetric
space groups (24) may occur in other circumstances.
For example, in P2,2,2,, let

H,=(0gu) , H2=(u0g) 4

Wa,n,m,=0

H;=(ug0) ,
H, +H, + H, = (Ogu) .

As the crystallographic symmetry restrains the values
of the phases to

PHy> Puys ¢H1+H2+H3=0 » Pug= % /2

the knowledge of the phase @, t ¢u,+ ¢u, does not
give information on ¢y, . u,+u, Whatever |En,)s | B,
]EH3|,|EH1+H2+H3| may be. From an algebraic point of
view this situation is marked by

EHNEHL)EH)EH, +H, +Hy) =0 .

7. A generalization of the Hauptman formulation

The algebraic considerations which allowed in the pre-
ceding sections a generalization of Giacovazzo’s quar-
tet phase relationships, enable us also to generalize
Hauptman’s formulation. We will refer in this section
to the centrosymmetric space groups: the reader will
be able to deal with the non-centrosymmetric ones by
means of the considerations made in § 6.

The general form of the probability density function
for seven reflexions is given by (E1). When all seven
vectors are general, the quartet sign relation

1 _ RuZE
P, - exp (¥ B)cosh e
RypZ% Ry Z%

holds [Hauptman & Green (1976), equation (3.13): see
this paper for the notation]. (E1) enables us to derive
directly the sign relations when one or more cross-

963

vectors are special or are not in the set of measure-
ments. So, if one (i.e. H, +H,) or two (i.e. H,+H, and
H, +H,) cross-reflexions are not in the measurements,

o — RiZ3 R Z5;
Py~ 7/ €XP (¥ B/2) cosh VN cosh VN (26)
or
Pi‘ jad 17 cosh —VN-— . (27)
hold respectively, where
. Ry:Z3 Ry Z3
L'=exp (- B/2) cosh N /N
+exp (4 B/2) cosh Rf/:’;” osh Ri/‘;;‘ ,
/ RyZ3; RnZ3
[ h
L" =cosh VN +cos VN

(26) and (27) are not explicitly given by Hauptman &
Green (1976). As to the occurrence of special reflex-
ions, in accordance with the assumption made in § 5,
W is always equal to 1, except when W equals O.
Therefore, if one cross-vector (i.e. H;+H,) is a sys-
tematic absence,

W, 1y 1= Wa, u,= Way by +1,+0,=0:
then
1 VA Ry Z
= —iq 23423 COSh 31431 i
L VN VN
If two cross-reflexions are systematic absences (i.e.
H,; +H, and H, + H;)

exp (¥ B) cosh oL 28)

Py

1 _ R, 7%
P,= 1V EXP (¥ B/2) cosh N
L"" and L' are suitable functions that the reader will
easily derive.
The quartet sign relation, given only the four mag-
nitudes Ry,, Ry,, Ry, Ry, 11,41, 18

Pi~%, (30)

if one cross-vector is a systematic absence, in strong
contrast with the relation (4.1) in Hauptman & Green
(1976). Particularly noteworthy is a comparison of (28),
(29) and (30) with (25), (26) and (27) which illustrates
the change which may take place when some of the
seven reflexions are of special type. We deal now with
the case in which more than three cross-vectors are
explicitly taken into account: i.e., provided (H, + H;) x
(R,—I)=0, they are H,+H, H,+H;,H,+H; H,+
H,R, H, + H;R,. The general expression of this distri-
bution is given by (E£2).
If H,+ H; is not a systematic absence,

2(H2+H3)Ts=2n s
= WHz, H;+H+H3 = 1 ’ (31a)

(29)

Way uy0,= Wayu,=.
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, —w — 2M,T,.
Wy +m,= W ny + 1y 413 =(— 1)2T5;
1+H 1

W;ll.H;;: W’Hg.HI+H2+H3=(—1)2H3T: . (Slb)
Denoting
h RB=RH1+H2R‘,: R9=RH1+H3RJ,
then
1 _ R,ZE
Pi = f exp (+ 4R1R2R3R4) COSh ‘1/2le
31Z§tx RyZ3;
x cosh — N .
ReZi; RyZ3
32
x cosh VN cosh N (32)

where L is a suitable normalizing function.
If H,+H; is a systematic absence, (31b) is still valid,
but (31a@) becomes

WHI H, H3 WH2 H3 WHl H1+H2+H3—0
WHsz PR =1 .
As 2(H,+H,)T,=2n+1, then
o
Py= 2 cosh 1/2512 osh R;‘}%‘

RZF, R ZF
x cosh ;Izv”cosh—;%.
These equations emphasize the importance of the

space-group symmetry in the direct procedures which
use quartet relationships.

8. Conclusions

The theory described in the present paper allows us to
modify the phase relationships (4), (7) and (25) so as
to take the space-group symmetry into account. The
more relevant changes occur when one or more cross-
reflexions are of special type. In this case the theory
recognizes the additional cross-reflexions whose mag-
nitudes should be tested in order to strengthen the
phase relationship.

In certain space groups the quartets having special
cross-vectors should be a non-negligible percentage of
the total. The results of the present investigation, there-
fore, should improve the overall reliability of the
quartet relationships.

APPENDIX 4

By the definition of normalized structure factors
(Hauptman & Karle, 1953) in a centrosymmetric space
group of order m,

1 t
En= ”V;: .?j vis;h),

where

=LY (WY

THE PROBABILISTIC PROCEDURE FOR PHASE DETERMINATION. IV

Let us denote by C,=(R,, T;) the s-symmetry operator
(R, rotation component, T, translation component).
From the theory of linearization (Bertaut, 1959a, b)

CEMHDEMHL)EM)EMH, +H, +H;))
= < %p,v.s é[I{l(Rp - I) + HZ(RS - I) + H3(Rv - I)]

x exp 2mi(H, T, + H, T, + H;T,)) . (A1)

The value of (A1) is different from zero for all R,

R,,R, operators for which
H,R,~D+H,R,—D)+H;R,-D=0. (42)

As
(@)Y =( .'l"z ZH(R,—1)] exp 2iHT,y=pgm ,

the statistical nature of H,,H,, H;,H, +H, + H;, must
be taken into account in order to estimate (41).

What is particularly noteworthy is that the statis-
tical nature of the cross-reflexions Ey,+n; can affect
the value of (A41). Let us suppose, for examp]e that
EH,,Enz, Eyiy Eny 41,4, are all general reflexions and
Ey, +n, is a special one. The condition (42) is satisfied
when

(H,+H,) R,—D=0, HyR,—-D=0. (43)

If Ey, +n, has the statistical weight Puyeny 7 1y Duyam,
distinct point group operators R, will exist for which
(A3) is satisfied. In conclusion

CEHYEM)EM)EMH, +H, +Hs) ) =py, +u,m

Particularly noteworthy is the case when one or more
cross-reflexions are systematically absent. Then

CEMHDEMEMH)E(H, +H, +Hy)»=0.  (44)

In order to show (44), suppose that H; +H, is a sys-
tematic absence. (41) reduces then (p=s, v=1) to

CEMHDEMH)EMH)EMH, +H, +Hy))
— (S ¢l(H, + Hy) (R,— D] exp [2ni(H, + HOT,)
=({&*H,+H,))=0.
Similar considerations may be used in order to deal
with more complicated cases.

APPENDIX B
In PT (Giacovazzo, 1975)

<EH1EH2EH3EH] +H2+H3>

[EH1+H2+E§'II+H3+E%{2+H3—2] . (Bl)
(B1) is derived from the Fourier transform in PT of
S4/t? as well as of §%/2¢3. The transform of the most
relevant term in S,/¢? for any centrosymmetric space
group has been discussed in Appendix 4. We derive
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here the general Fourier transform of the three terms
in §3/2¢* which contribute to (Bl1).
These terms are the mixed products

1

2 [A1101000(i241) (itty) (itag) . Aoorroot(itts) (iug) (iu)],  (B2)
%[’11010100(1.“1) (ius) (ius) . Aorooror(iuz) (ius) (iu], (B3)
l [Ao110010(7243) (i) (iss) - A1000011(it4y) \ittg) (iu7)] . (B4)

t

In PT, or in any space group when all the reflexions
are general, the Fourier transform of (B2)—~(B4) gives

1
W EHIEHZEH3EH1 +Hy+Hjz
X [(.Eill-l-ﬂz_ 1)+(E%{1+H3— 1)+(E%{2+H3~ 1)] ’

from which (B1) follows.
The general expression of the Fourier transform is

1

W EH[EHZEH:;EHI +Hz+ H3[ WHI. Hy WH3, H;+Hy+H;3

X (E%I1+H2_ 1)+ WHI,H3WH2,H1+H2+H3(E§I1+H3_ 1)

+ WHz. H3WH1,H1+H2+H3(E%12+H3_ 1)] ’

where
1/ {EHYEH)EH, + Hy)
1% = , elc.
HeH2™ oy < V(pu,Pu2Pu, +u,)
APPENDIX C

In PT the variance of Ey,Ey,Ex,En, +u,+n, is given by

022 <E§11E%{2Eil3Eil] +H2+H3>

~1 +4[(E%l1+ﬂz— 1)+(E%{1+H3_ l)+(E%'l2+H3- 1)]/N .
(ch

(C1) is derived from the Fourier transform in PT of

S3/213. The general expression for any centrosym-

metric space group of the terms in $%/2¢3 which con-
tribute to o? is

1 are Npys  Nare Ny
a3 [}'%101000(lu1)2(lu2)2(lu4)2 + }Lim0100(”‘1)2(1“3)2(1“5)2

+ A3 1100104242 *(it43)*(itt)? + Adogooss (i) (itte) it

+ Ad100101(112)*(ius) (i) + Aorroo () (iug)2(iuz)?] . (C2)
In PT, or in any space group when all the reflexions
are general, the Fourier transform of (C2) is

oy REDHAE B E) + HE) B ED i E:)

+ H(E,) Hy(E3) Hy(Eg) + H(E) Hy(E¢) Hy(E,)
+ Hy(E) Hy(Es) Hy(Ey) + Hy(Es)H(E))Hy(E7)] . (C3)
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The general expression of the Fourier transform of
(C2)is

1
7 Wit 1, Ho B ) o By ) By 0,

+ W%-ll,H3H2(EH1)H2(EH3)HZ(EH1 )t ...1,(CH)

where Wy u,, Wy, .uy - - -» have been defined in Ap-

pendix B.

APPENDIX D

Let Ey,, En,, Eny, Eny4n,+1, be general reflexions and
Ey,+n, a special reflexion for which (H,+H;) R,—1T)
=0. When the joint probability distribution

P(Eﬂl,EHZ’EHp EH1+H2a EH1+H31EH2+H33
EH1+H2+H31EH1+H2R,,EH1+H3R,)
is considered, a number of non-vanishing cumulants

should be added to those which arise from the distri-
bution

P(EHI’EHZQ ..

'1EH1+H2+H3) .

Of the additional moments those which affect the con-
clusive phase relationships are

CCHDEH)EH, +HR,) ) = m(—1)2HaTs | (D1)
CHPEH)EMH, +H3R,) ) =m(— 1)2H3Ts | (D2)
(CHDEMH, +H)EH, + H R) Y =my(—1)™2Ts | (D3)
(C(H)EH, +H3)EH, + H3R,) Y =myy(— 1)*M3Ts | (D4)
CEH)EMH, +H, + H)E(H, + HyR) Yy =m( — 1)2H2Ts |
(DS)
CEMHG)E(H, 4+ Hy 4+ Ha)E(H, + HLR,) ) = m(— 1)2HsTs |
(D6)

(D1)-(D4) have been recently stated (Giacovazzo,
1977). y, is a factor which depends on the symmetry
class and on the actual point group operator R;.

(D5) and (D6) may be proved from the identity

(S(H)E(H, + H, +Hy)E(H, +H3R,))
={ lzp,q ¢H,(R,— D) +H,(R,—I) + Hy(R,R,— D]
x exp 2ri(H,T,+H,T,+H;R.T,)> . (D7)

(D7) does not vanish when R,=I and R,=R,. In that
case (D7) coincides with

¢[(H,+H3) R,—D)] exp 27i(H,T,+H;R,))
=m exp 2niH,T,,

which, as (H,+H;) (R,—I)=0, gives (D5).

Cumulants which arise from (D3) and (D4) are not
relevant to defining the sign of a quartet (see Giaco-
vazzo, 1975, when R;= —1I) and have been neglected
in §§ 4 and 5.
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APPENDIX E

In any centrosymmetric space group the probability
density function, given the seven magnitudes Ry, Ry,
s Ry my 18

P~ (271)7,3 exp [—3(Eh,+ ... +Ehym,)
1
VN
+ Why 1+ 1o+ 3B, By + 1y 83 B0, 41,

+ W, u3Eu,E0,E0, + 15
+ Way, b, + Hp+ 130, By + 1y + 13 Bl 41y
+ Wh, n;En,EnEny 11,

+ Way 1y + 8+ 03 B0, B0y + 1y + 13 B0y +15)

1

N (WHl. Hy, Hy +Ho B B By v 1, B0, 415

+ (WHI. HZEHIEHZEH1+H2

+ Why, 8y +Hy+ Hy Hy +H,

X Ey,Bu, +1y+ 03 B0, +1,E0, 415

+ Way, uy, 8y + 1, B0, Eny By + 1By 4wy
+ Way v+ vy 05, 1y + 13 Er Bl 4 g1,
X Eyy 3By 413+ Whg ng 1y 415

X Ex,Ey,Eu, v n3En, 41,

+ Way, 1y + 1413, 8, + 1 B0, Eny 11y 415
XEH1+H3EH1+H2)

1
+ N (Waymy. 83— Way o, Whis, 1y 41,41,
- WHI,H3WH2.H1+H2+H3
- WHI,H1+H2+H3 WH2, H3)EH1EH2EH3EH1+H2+H3] .

(ET)

The generalized expression of the probability density
function in any centrosymmetric space group when
H,+H; is a special vector [i.e. (H,+H;) (R,—I)=0] is

P(Euyy Ey -

'aEﬂl +Hj> EH1+H2R,! EH1+H3R,)
1
~ Gy exp [~ 3(Eq, + Ef,+ - - - +Efy 4 mar,)
1
VN

+ Way 1, + 1y m3 By Eny + vy -1, En, 41,
+ WHz, H3EH2EH3EH2+H3

+ Why, 1y +Hy+ By Bl By + Hy + Hy BHg 41}y

+ (Wﬂl.HzEﬂlEﬂzEH1+H2

THE PROBABILISTIC PROCEDURE FOR PHASE DETERMINATION. 1V

+ Way, u;E0,En,En, + 1,

+ Wa, iy + 8, + 03By Eny + 1o+ 1 B0, + 15
+ Wa,, 1,En,En,Eny + 1z,

+ Wa,.n, +Hy+ 3 En By v v, + 1, Bl + 1R,
+ Wy, n,En, EaFu, + gz,

=+ W;lz.H]+H2+H3EH2EHI+H2+H3EH1+H3R,)
|
+ N En B, En By 11,415

X (WHI.HZ, i3~ Way w, W 1y 41415
= Way u;Waymy 11y 4m,— Wy u, Wa, n,+1,+ 1,
—Wa,u,Wasn+ny+8;,— Way n, Wa, 1, +H,+13)

1

W (WHI.H3. H1+H2EH1EH3EH1+H2EH2+H3

=+ Wﬂz. H; +Hy+H3, H1+H2EH2

(E2)

The corresponding distributions in non-centrosym-
metric space groups are strongly suggested by (E1)
and (E2).

X By + vy +83E0, 41, E0, 405+ - )]
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